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Abstract
The Casimir effect in a dilute Bose gas confined between two planar walls is investigated in the
canonical ensemble at zero temperature by means of Cornwall-Jackiw-Tomboulis effective action
approach within the improved Hartree-Fock approximation. Our results show that: (i) the Casimir
energy and the resulting Casimir force in the canonical ensemble remarkably differ from those in the
grand canonical ensemble; (ii) when the distance between two planar walls increases, the Casimir
energy and Casimir force decay in accordance with a half-integer power law in the canonical
ensemble instead of an integer power law in the grand canonical ensemble.
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I. INTRODUCTION
More than seventy years have passed since the Casimir effect was discovered [1], this effect
is and will be a widely-mentioned subject of modern physics in many areas, for example,
quark matter [2], atomic and molecular physics [3], superconductor [4, 5] and so on in
both the theory and experiment. In field of Bose-Einstein condensate (BEC), motivated
by experiments on the critical Casimir force [6, 7] and the Casimir-Polder force [8–10], the
interest in this phenomenon has blossomed in recent years.
It is well-known that, in quantum theory, the Casimir effect in the BEC at zero tem-
perature confined by two planar walls is the consequence of the quantum fluctuation above
ground state associated with phononic excitations [11–13]. So far, many studies on the
Casimir effect in the BEC mainly focused on considering it at zero temperature within the
constraint of a dilute condition. In process of the calculations, one has to deal with the
ultraviolet (UV) divergence of the energy density. To eliminate this problem, some methods
are available, such as, using Abel-Plana formula as in [13, 14], momentum cut-off and using
Euler-MacLaurin formula [12, 15]. For the weakly interacting Bose gas, in Ref. [13, 14]
the Casimir force is expressed through an integral of density of state. Instead of using
Abel-Plana formula, using the second way, in the one-loop approximation of quantum field
theory, many authors pointed out that the Casimir force in a weakly interacting Bose gas
depends on the coupling constant and decays as power law of the distance ℓ between two
planar walls, which is the well-known result
FC = − π
2
480
~vs
ℓ4
, (1)
in which ~ is Planck’s constant, the speed of sound vs is determined by the interaction of
atoms in the system.
In the high-order approximation, our previous work [16] employed the Cornwall-Jackiw-
Tomboulis (CJT) effective action approach [17] to consider the Casimir effect in the improved
Hartree-Fock (IHF) approximation in the lowest order of the momentum integrals. Our
results show that although the order parameter is strongly affected by the compactification
of the space, the Casimir energy and thus the Casimir force are the same in comparison with
those in the one-loop approximation. More exactly, this effect is considered in Ref. [18] in
the higher-order term of the momentum integrals and the obtained results are significantly
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improved. The Casimir force equals to its value in the one-loop approximation (1) after
adding a corrected term and
FC ∝ − 1
ℓ4
− 1
ℓ7
. (2)
Eqs. (1) and (2) show that the Casimir force decays according to the law of the negative
half-integer power of the distance.
A common feature of the above studies is that the system under consideration is connected
to a particle reservoir, this means that the results were given in the grand canonical ensemble.
From the idea of Fisher and de Gennes [19] about the critical Casimir effect, the authors
of Refs. [20, 21] investigated it in the critical fluid system within the mean-field theory in
the canonical ensemble, where the particle number is kept constant. In these works, it has
been found that significant qualitative differences arise between the critical Casimir force
in the canonical ensemble and the grand canonical ensemble. These studies authors also
gave evidences that the critical Casimir force strongly depends on the imposed boundary
conditions. To our knowledge, there is a lack of investigating the Casimir effect in the
BEC at zero temperature in the canonical ensemble, except our work [22]. However, the
Casimir effect was only considered in the one-loop approximation. To fill this gap and
improve the accuracy of the results, in this paper, the Casimir effect is worked out in the
canonical ensemble within the framework of the CJT effective action approach in the IHF
approximation, in which not only the contribution of all two-loop diagrams is taken into
account, but the Goldstone theorem is also valid.
To begin with, we consider a dilute Bose gas described by Lagrangian [23],
L = ψ∗
(
−i~ ∂
∂t
− ~
2
2m
∇2
)
ψ − µ |ψ|2 + g
2
|ψ|4 , (3)
with ψ = ψ(~r, t) being the field operator, its expectation value plays the role of the order
parameter; m and µ are the atomic mass and chemical potential, respectively; the strength
of repulsive intraspecies interaction is determined by coupling constant g = 4π~2as/m > 0
with as being the s-wave scattering length [24].
This paper is structured as follows. In Section II, the Casimir effect in a dilute Bose gas
is studied in the canonical ensemble, which consists of the Casimir energy and the Casimir
force. Conclusion and outlook are given in Section III.
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II. CASIMIR EFFECT IN A DILUTE BOSE GAS IN CANONICAL ENSEMBLE
In this Section, the Casimir effect in a dilute Bose gas confined between two planar walls
is considered in the canonical ensemble and in the improved Hartree-Fock approximation
at zero temperature. At first, we consider a Bose gas at finite temperature T and let the
temperature be zero at the end. Let ψ0 be the expectation value of the field operator ψ in
the mean field theory, an expansion of the field operator can be performed
ψ → ψ0 + 1√
2
(ψ1 + iψ2), (4)
in which two real fields ψ1, ψ2 associated with the quantum fluctuations of the field [25]. By
substituting (4) into Lagrangian (3), one has the free Lagrangian
L0 = −µψ20 +
g
2
ψ40 , (5)
and the interaction Lagrangian in the double-bubble approximation
Lint = g
2
ψ0ψ1(ψ
2
1 + ψ
2
2) +
g
8
(ψ21 + ψ
2
2)
2. (6)
Based on (5), it is easy to find the inverse propagator in the tree-approximation
D−10 (k) =
 ~2~k22m + 2gψ20 −ωn
ωn
~2~k2
2m
 , (7)
in momentum space, where ~k is the wave vector. The Matsubara frequency for boson is
defined as ωn = 2πn/β (n = 0,±1,±2...), β = 1/kBT and kB is Boltzmann constant.
The inversion propagator (7) shows that there is a Goldstone boson associated with the
symmetric breaking of U(1) group.
It was pointed out [16, 18, 26] that in the Hartree-Fock approximation, the Goldstone
boson is disappeared. To restore it, a method proposed by Ivanov et. al. in Ref. [27]
is invoked and which leads to an approximation called the IHF approximation. In this
approximation, the CJT effective potential has the form
V˜ CJTβ =−µψ20 +
g
2
ψ40 +
1
2
∫
β
tr
[
lnD−1(k) +D−10 (k)D(k)− 1
]
+
g
8
(P 211 + P
2
22) +
3g
8
P11P22, (8)
which corresponds to a new inverse propagator
D−1(k) =
 ~2k22m +M2 −ωn
ωn
~
2k2
2m
 , (9)
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with M being the effective mass of the Goldstone boson, which is restored in the IHF
approximation. In Eqs. (8) and (9), we abbreviate∫
β
f(~k) =
1
β
+∞∑
n=−∞
∫
d3~k
(2π)3
f(ωn, ~k).
and
P11 ≡
∫
β
D11(k) =
1
2
∫
d3~k
(2π)3
√
~2k2/2m
~2k2/2m+M2
,
P22 ≡
∫
β
D22(k) =
1
2
∫
d3~k
(2π)3
√
~2k2/2m+M2
~2k2/2m
, (10)
are momentum integrals at zero temperature. The dispersion relation in the IHF approxi-
mation can be read off by requesting the determinant of the inversion propagator vanishes
[28], which yields
E(k) =
√
~2k2
2m
(
~2k2
2m
+M2
)
. (11)
Using the formula [29],
1
β
n=+∞∑
n=−∞
ln
[
ω2n + E
2(k)
]
= E(k) +
2
β
ln
[
1− e−βE(k)] ,
one can extract the canonical energy density at zero temperature from Eqs. (8) and (11),
Ω ≡ 1
2
∫
β
tr lnD−1(k) =
1
2
∫
d3~k
(2π)3
√
~2k2
2m
(
~2k2
2m
+M2
)
. (12)
In order to simplify notations, dimensionless quantities are introduced: wave vector κ = kξ,
effective massM = M/√gn0 with ξ = ~/
√
2mgn0 and n0 being the healing length and bulk
density, respectively. In this way, the momentum integrals in Eqs. (10) become
P11 =
1
2ξ3
∫
d3κ
(2π)3
κ√
κ2 +M2 , P22 =
1
2ξ3
∫
d3κ
(2π)3
√
κ2 +M2
κ
, (13)
and the canonical energy density (12) can be rewritten
Ω =
gn0
2ξ3
∫
d3κ
(2π)3
√
κ2(κ2 +M2). (14)
The integrations over the dimensionless wave vector are UV-divergent. This divergence can
be eliminated by using the dimensional regularization proposed by Andersen in Ref. [25].
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Now the effects from the compactification of one direction in space on the Casimir energy
and the Casimir force are considered. The system under consideration is the weakly inter-
acting Bose gas confined by two planar walls, which are parallel plates at the distance ℓ and
are perpendicular to 0z-axis; the order parameter is translational invariant in the 0x and 0y
directions. The area A of each planar wall satisfies A≫ ℓ2. Our system is not connected to
any particle reservoir therefore the particle number N is fixed and roughly speaking
N = n0Aℓ. (15)
This means that the system is considered in the canonical ensemble.
Because of this compactification, the wave vector is quantized as follows
k2 → k2
⊥
+ k2n,
in which the wave vector component k⊥ is perpendicular to 0z-axis and kn is parallel with
0z-axis. For the boson system, the periodic boundary condition is imposed
kn =
2πn
ℓ
.
In dimensionless form one has
κ2 → κ2
⊥
+ κ2n, κn =
2πn
L
≡ n
L
, L =
L
2π
, (16)
where L = ℓ/ξ. The quantization of wave vector leads to a change in the canonical energy
density and Eq. (14) becomes
Ω =
8π3~2Nas
mAℓ3
∞∑
n=−∞
∫
d2κ⊥
(2π)2
√
(L
2
κ2
⊥
+ n2)(M20 + n2), (17)
in which
M0 = L
√
κ2
⊥
+M2.
It is easy to check that the integral in Eq. (17) is UV-divergent when κ⊥ tends to infinity,
thus a cut-off Λ is introduced for the top limit of this integral. After integrating over κ⊥ from
zero to Λ, the summation in Eq. (17) can be dealt by using the Euler-Maclaurin formula
[30],
∞∑
n=0
θnF (n)−
∫
∞
0
F (n)dn = − 1
12
F ′(0) +
1
720
F ′′′(0)− 1
30240
F (5)(0) + · · · , (18)
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with
θn =
 1/2, if n = 0;1, if n > 0.
Finally, after taking the limit Λ→∞ and subtracting the bulk part one has a finite part of
the canonical energy density
EC = −π
5/2
~
2a
1/2
s
720
√
2m
√
N
A
M
ℓ7/2
, (19)
which is the Casimir energy. Eq. (19) makes it clear that the Casimir energy in the canonical
ensemble is proportional to ℓ−7/2 instead of ℓ−3 in the grand canonical ensemble [18].
The momentum integrals (13) formally resemble the canonical energy density (17). Under
the quantization of the wave vector, the momentum integrals (13) are also UV-divergent
and it can be resolved in the same way as the method applied for the Casimir energy. By
introducing the cut-off Λ, Eqs. (13) become
P11 = 8
√
2
(
Nas
Aℓ
)3/2 +∞∑
n=−∞
∫ Λ
0
d2κ⊥
(2π)2
√
κ2
⊥
+ κ2n
κ2
⊥
+ κ2n +M2
,
P22 = 8
√
2
(
Nas
Aℓ
)3/2 +∞∑
n=−∞
∫ Λ
0
d2κ⊥
(2π)2
√
κ2
⊥
+ κ2n +M2
κ2
⊥
+ κ2n
, (20)
and using Euler-Maclaurin formula (18) one has
P11 = − π
2
180ℓ3M , P22 =
πNasM
3Aℓ2
− π
2
180ℓ3M . (21)
In order to calculate the Casimir force, the remaining problem is finding the dimensionless
effective massM in Eq. (19). To this end, we first note that for a dilute Bose gas, i.e. the gas
parameter must satisfy the well-known condition n0a
3
s ≪ 1 [23]. In this case, the chemical
potential is approximated µ ≈ gn0 [25]. Minimizing the CJT effective potential (8) with
respect to the order parameter and elements of the propagator, keeping in mind Eqs. (21),
one arrives at the dimensionless form of the gap equation
−1 + φ20 +
πasM
6ℓ
− π
2A
90NMℓ2 = 0, (22)
and the Schwinger-Dyson equation
−1 + 3φ20 +
πasM
2ℓ
− π
2A
90NMℓ2 =M
2. (23)
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Note that here we use φ0 = ψ0/
√
n0. It is easy to prove that the solution for Eqs. (22) and
(23) has the form
M =
√
2
3
cos
α
3
, (24)
in which
cosα =
π2A
20
√
6Nℓ2
. (25)
For the weakly interacting Bose gas, it is shown that [18] the dimensionless effective mass
can be written in a approximate form
M≈M1 + 1
3
√
2
3
cosα, (26)
in which M1 =
√
2 is the dimensionless effective mass in the one-loop approximation. This
result is an improvement compared with the one in the one-loop approximation and the
second term in right hand side of Eq. (26) is a result of taking into account the two-loop
diagrams.
Combining Eqs. (19) and (26), the Casimir energy can be written as a function of only
the distance between two planar walls
EC = −π
5/2
~
2a
1/2
s
720m
√
N
A
1
ℓ7/2
− π
9/2
~
2a
1/2
s
180.720
√
2m
√
A
N
1
ℓ11/2
. (27)
It is not difficult to realize that the first term in right hand side of Eq. (27) is the Casimir
energy in the one-loop approximation in the canonical ensemble [22] because in this ap-
proximate level the dimensionless effective mass is independent of the distance as shown
in Eq. (26). The second term is contribution of the high-order diagram in the interaction
Lagrangian (6). The common feature can be read off from (27) is that the Casimir energy is
negative in the canonical ensemble, this is similar to the one in the grand canonical ensemble
[16, 18].
The Casimir force is defined as the negative derivative of the Casimir energy with respect
to a change in the distance between two planar walls
FC = −∂EC
∂ℓ
. (28)
Substituting (27) into (28) one has
FC = −7π
5/2
~
2a
1/2
s
1440m
√
N
A
1
ℓ9/2
− 11π
9/2
~
2a
1/2
s
180.1440m
√
A
N
1
ℓ13/2
. (29)
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FIG. 1. (Color online) The evolution of the Casimir force versus the distance (solid line). The red dashed
line and the blue dashed line correspond to the first and second terms in right hand side of Eq. (31).
As a consequence of the Casimir energy, the first term in right hand side of Eq. (29) is
the Casimir force in the one-loop approximation in the canonical ensemble and the last
one comes from the correction of the high-order diagrams in the interaction Lagrangian.
Moreover, when looking at the Eq. (29) there is no doubt that the Casimir force is attractive,
the same as the one in the grand canonical ensemble. In dimensionless form, Eq. (29) is
scaled by
F0 =
64
√
2π5/2~2
m
(
N
A
)5/2
, (30)
and thus
FC
F0
= − 7A
2a
1/2
s
92160
√
2N2
1
ℓ9/2
− 11π
2A3a
1/2
s
360.92160N3
1
ℓ13/2
. (31)
In order to illustrate for above calculations, several numerical computations are made for
rubidium Rb 87 with m = 86.909 u (1 u = 1.6605.10−27 kg is unit of atomic mass), as =
100.4a0, a0 = 0.529 A˚ is Bohr radius [31]. The total particle number and the area of each
planar wall are N = 6.106, A = 10−6 m2 [12], respectively. The ℓ-dependence of the Casimir
force is shown in Fig. 1, in which the dashed red and dashed blue lines correspond to the
first and second term in right hand side of (31), the solid blue line sketches the Casimir
force, in which the distance between two planar walls is scaled by ξ = 4000 A˚. It is obvious
that the Casimir is only significant in small-ℓ region and contribution of the second term is
dominant.
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FIG. 2. (Color online) The evolution of the Casimir force versus the s-wave scattering length (solid line).
The red dashed line and the blue dashed line correspond to the first and second terms in right hand side of
Eq. (31).
An important property of Bose gas is that the s-wave scattering length as can be con-
trolled by Feshbach resonance [32] changing the laser detuning. Fig. 2 clearly shows that
the Casimir force against the scattering length as at distance ℓ = 4000 A˚ with the same
parameters in Fig. 1. In this case, the first and second terms contribute to the Casimir
force in the same order. These lines are in shape of a
1/2
s and thus the Casimir force tends
to zero when the scattering length approaches to zero, this result coincides to the fact that
the Casimir force in an ideal Bose gas vanishes at zero temperature because of vanishing of
the speed of sound as pointed out in Eq. (1).
III. CONCLUSION AND OUTLOOK
We presented here the analysis of the Casimir effect in the dilute Bose gas confined
between two parallel plates in the canonical ensemble in the improved Hartree-Fock approx-
imation with the conservation of Goldstone boson. Our results indicate that Casimir force
is significantly different not only in the different ensembles and the same approximation
(the IHF approximation) but also in different approximations and the same ensemble (the
canonical ensemble).
First of all, within the same approximation, i.e. the improved Hartree-Fock approxi-
mation, the Casimir energy is proportional to the distance in power law of ℓ−3 in grand
canonical ensemble, whereas it decays as 1/ℓ7/2 + 1/ℓ11/2 in canonical ensemble. Similarly,
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the Casimir force sharply decreases versus distance between two planar walls as the power
law 1/ℓ9/2 + 1/ℓ13/2 in the canonical ensemble instead of 1/ℓ4 + 1/ℓ7 in the grand canon-
ical ensemble [18]. One can easily realize that the power law for the Casimir effect is a
half-integer in the canonical ensemble and a integer in the grand canonical ensemble.
Although there are many significant properties, the results in both statistical ensembles
have several common points. Firstly, in both the canonical and grand canonical ensembles,
the Casimir energy is always negative and it increases monotonously as the distance between
two plates increases. This fact leads to the Casimir force is attractive. A further common
feature is that the Casimir force is divergent when the distance tends to zero in both statis-
tical ensembles. Last but not least, the Casimir effect does not appear in the ideal Bose gas
at zero temperature in the canonical ensemble as well as in the grand canonical ensemble.
It is very interesting to extend this problem to consider the Casimir effect in a binary
mixture of Bose gases.
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